The values of the key atmospheric propagation parameters C T 2 , C Q 2 , and C TQ are highly dependent upon the vertical height within the atmosphere thus making it necessary to specify profiles of these values along the atmospheric propagation path. The remote sensing method suggested and described in this work makes use of a rapidly integrating microwave profiling radiometer to capture profiles of temperature and humidity through the atmosphere. The integration times of currently available profiling radiometers are such that they are approaching the temporal intervals over which one can possibly make meaningful assessments of these key atmospheric parameters. Since these parameters are fundamental to all propagation conditions, they can be used to obtain C n 2 profiles for any frequency, including those for an optical propagation path. In this case the important performance parameters of the prevailing isoplanatic angle and Greenwood frequency can be obtained. The integration times are such that Kolmogorov turbulence theory and the Taylor frozen-flow hypothesis must be transcended. Appropriate modifications to these classical approaches are derived from first principles and an expression for the structure functions are obtained. The theory is then applied to an experimental scenario and shows very good results.
INTRODUCTION
The atmospheric propagation of electromagnetic waves within the 40 to 80 GHz frequency region will be significantly and deleteriously affected by the presence of temperature and water vapor fluctuations, i.e., atmospheric turbulence that occur along the propagation path. The quantitative effect on wave propagation by these atmospheric additives is captured by the frequency dependent statistical parameter called the refractive index structure parameter C n 2 . The more fundamental quantitative metrics upon which C n 2 depends are, in general, the temperature structure parameter, C T 2 , the humidity structure parameter C Q 2 , and the temperature-humidity structure parameter C TQ . The values of these key parameters are highly dependent upon the vertical height within the atmosphere thus making it necessary to specify profiles of these values along the atmospheric propagation path. The remote sensing method suggested and described in this work makes use of a rapidly integrating microwave profiling radiometer to capture profiles of temperature and humidity through the atmosphere. The integration times of currently available profiling radiometers are such that they are approaching the temporal intervals over which one can possibly make meaningful assessments of these key atmospheric parameters. Since these parameters are fundamental to all propagation conditions, they can be used to obtain C n 2 profiles for any frequency, including optical where only the C T 2 comes into play.
To this end, the subject of this work is to provide a theoretical basis to explore the possibility to obtain atmospheric profiles of the fundamental parameters C T 2 , C Q 2 , and C TQ from microwave profiling radiometric measurements, thus allowing the calculation of the composite C n 2 path profiles through the atmosphere. Among other applications, this will provide for the real-time assessment of an optical propagation link. In particular, the C n 2 path profile is the fundamental parameter for the derivation of the coherence diameter r 0 and the isoplanatic angle θ 0 , r 0 ≡ 0.423k The latter specifies 1 the response characteristics required of an atmospheric adaptive optics system to mitigate the refractive index perturbations through an atmospheric wind velocity profile given by U h
In what is to follow, Section 2 provides for a rigorous basis of the theory of the large-scale atmospheric turbulence spatial spectrum near the surface of the earth. Here, large-scale refers to characteristic turbulence sizes on the order of l~UΔt where Δt is the integration time of the radiometer and U is the average wind velocity near the surface; for a nominal horizontal average wind speed of U ≈ 2 m/s and radiometer integration time of Δt ≈ 40 s , l ≥ 80 m .
Since the radiometer measurements are made at the earth's surface, it is required to take into account the surface or boundary layer effects on the formation of such large-scale turbulent fluctuations in the presence of the vertical gradients of velocity, temperature and water vapor within the atmosphere; the well-known Kolmogorov spectrum of isotropic turbulent fluctuations cannot be directly applied. Hence, the Kolmogorov theory must be transcended to account for these effects in a generally stratified atmosphere. Although such phenomena have been considered earlier 2 , a self-contained theory is given in Section 2 that is general enough to apply to many turbulence scenarios. Much time is spent with this subject in that the integral equation solution technique that is used is applicable to many other scenarios to be considered in the future. Here, it is used for stable as well as unstable cases in an atmosphere with vertical gradients of temperature and velocity (shear). A general spatial spectrum for both the inertial and buoyancy sub ranges is then given from which, in Section 3, the corresponding structure functions for temperature and humidity are derived.
Due to the relatively large value for Δt , a Fourier-Stieltjes treatment is employed that transcends the usual use of the Taylor frozen-flow hypothesis. The form of the model connecting the structure functions to those determined from the radiometric measurements is then finally derived and its limitations and demands on radiometer performance is discussed.
Section 4 finally presents an experimental confirmation of the method for a profiling radiometer measurement location at White Sands, NM. Only the profiles of C T 2 are considered in this test example. From this, optical C n 2 profiles are calculated from which estimates of the coherence diameter and Greenwood frequencies are obtained. The profiles of the structure parameters as well as the time series of the coherence diameter and Greenwood frequencies are isomorphic to what is to be expected; however, the numerical results are overestimates of the prevailing conditions but a more careful selection of a coefficient which appears in the theory that reflects the relative contribution of the buoyancy and inertial sub ranges should remedy the discrepancy.
THE SPATIAL SPECTRUM OF TURBULENT FLUCTUATIONS IN THERMALLY STRATIFIED ATMOSPHERE WITH SHEAR FLOW

A Quick Review of Turbulence Mechanics and Development of the Spectral Model
The incompressible turbulent flow within the atmosphere that governs the spatial and temporal evolution of the velocity field  V are given by the Navier-Stokes equation; employing the Boussinesq approximation and assuming a constant dynamic viscosity µ , one has
where
, ρ 0 and ρ are the mean and instantaneous density, respectively, P is the pressure and g 3 is the gravitational acceleration along the vertical ( x 3 ≡  z ) axis. Additionally, the atmospheric temperature field T which is the source of density fluctuations is given by
where c P is the heat capacity at constant pressure and µ T is the thermal conductivity of air. A similar equation holds for the water vapor field Q . In what is to follow, only the temperature field will be considered with the proviso that the final results will hold for Q (so long as T and Q act as passive additives).
Following the detailed procedure given in Ref. 4 , Eqs.
(1) and (2) are statistically analyzed to give equations involving the Fourier spectra of the velocity and temperature fluctuations
where the total dissipation of turbulent energy by viscosity is
and the total dissipation of temperature fluctuations by thermal conductivity is
The point of this development is to obtain from Eqs. (5) and (6) 
in which η k ( ) is the kinematic eddy viscosity. For purposes of this development, the expression used for η k ( ) will not be that given in Ref. 7 but one more appropriate for the large Prandtl numbers (i.e., viscous diffusion exceeding that of thermal diffusion) typical of atmospheric turbulence
where γ is a numerical constant on the order of unity. The idea behind the model of Eqs. (9) and (10) is that the transfer of energy from fluctuations of wave numbers less than k to fluctuations of wave numbers larger than k can be taken as occurring through the viscosity that exists between the fluctuation eddies working on the turbulent vorticity formed in the interval 0 to k . This viscosity can be modeled as the integral effect of fluctuation eddies with wave numbers larger than k acting on eddies with wave numbers less than k . The functional form of Eq. (10) over that of the one originally recommended by Heisenberg is more appropriate in the case where momentum diffusivity dominates 8 . Thus, one has from Eqs.(9) and (10)
A similar argument can be applied to the last term of Eq.(6) allowing one to write
where is the ratio of the thermal diffusivity to the kinematic viscosity of the fluctuation eddies; it too is on the order of unity.
The same methodology can be applied to connect the spectra φ 13 k
one must account for the interactions between the gradients of the mean velocity and temperature fields with the overall turbulent field 4 . One must also consider the level of interaction that the velocity field has on the temperature gradients within the stratified atmosphere; such interaction concepts were first put forward by Tchen 2 (using the term 'resonance') who considered the similar problem of deriving a turbulence spectrum perturbed by boundary effects. Here, the case of the strong interaction is considered. For the model of η k ( ) given by Eq.(10) and based on these considerations as well as those of the dimensionality of the quantities involved, one has (see Ref. 4 for details)
Substituting Eqs. (11)- (14) into Eqs. (5) and (6) yields
where the upper sign on Eq. (15) is for the case dU dz > 0 and the lower sign for dU dz < 0 . Similarly, the upper sign in Eq. (16) is for dT dz > 0 (which defines the case of stable stratification of the atmosphere) and the lower sign for dT dz < 0 (which defines the case of unstable stratification of the atmosphere). Equations (10), (15) and (16) concatenate everything that goes into the determination of the φ TT k ( ) spectrum, within the bounds of the assumptions that enter into the closure approximations that allow Eqs. (11)- (14) to be written. The method of solution for φ TT k ( ) using the general model afforded by these relations will be the subject of a future publication. In what is to follow, a special case of these equations will be used to find analytical solutions for φ TT k ( ) appropriate for the establishment of analytical connections between the measured temperature (or humidity) structure functions derived from the radiometer output and the structure parameter C T 2 (or C Q 2 or C TQ ). To this end, since large-scale turbulence is being considered, one can ignore the contribution of molecular diffusion effects in the evolution of the spectra thus allowing the first terms on the right sides of Eqs. (15) and (16) to be dropped. Doing so yields
Finally, converting to dimensionless variables defined by
Eqs. (17) and (18) become
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These equations are written in such a way that allows the use of a solution technique originally suggested by Monin 8 and developed further by him in Ref. 9 , to obtain analytical approximations to the spectra involved. In particular, from the definitions of Eqs. (24) and (25), one has
Equations (22) and (23) 
Differentiating the first relation of Eqs.(29) with respect to x and using Eqs.(27) gives, after a bit of manipulation
Similarly, differentiating the first relation of Eq.(30) with respect to x gives, again after some algebraic manipulation,
Using these relationships, several combinations and permutations of atmospheric scenarios can be considered. This will form the subject of a future publication. For purposes of this exposition, these equations will now be used to derive analytical expressions for the spectra in two extreme cases: 
Using this result in Eq.(28) yields the velocity fluctuation spectrum
which is the result for the inertial sub-range that defines this case. Putting this result into Eq.(31) then gives for the attendant temperature spectrum 
and
which defines the buoyancy sub-range for a stratified atmosphere.
Thus, the temperature spectrum in the case of no stratification or shear, i.e., one which is expected to prevail in the atmosphere away from the surface layer, is, returning to dimensional variables using Eqs.(19) -(21),
and in the opposite case of shear and stratification, i.e., one which is expected to prevail in the atmosphere close to the boundary surface
A Height Dependent Spectrum for Both the Buoyancy and Inertial Sub-Ranges
In the general case intermediate to these, one would expect the temperature spectrum to transition from that given by Eq.(40) to that given by Eq.(39) as one proceeds vertically up through the atmosphere from the earth's surface to above the boundary layer. Also, Eq.(40) will prevail over the large spatial separations between two temperature profiles that are involved with the present radiometer remote sensing technique, i.e., over small k ; Eq.(39) governs the spectrum over small spatial separations, i.e., large k . A general expression for the temperature spectrum that approaches Eq.(39) as k → ∞ and approaches Eq.(40) as k → 0 can be written as
where the coefficients A and B will, in general, be functions of the vertical height within the atmosphere due to the height dependent factors ε , dU dz , and dT dz . The form of Eq.(41) is chosen as the simplest one written such that Eq.$(41)$
Expressions for the spectral coefficients A and B can easily be obtained from Monin-Obukhov similarity theory. However, taken together, they determine the corresponding values of C T 2 (or C Q
RELATING THE STRUCTURE PARAMETERS TO THE MEASURED STRUCTURE FUNCTIONS AND CORRECTING FOR THE FROZEN FLOW HYPOTHESIS
The Structure Function Corresponding to the Spatial Spectrum Without the use of the Frozen Flow Hypothesis
Consider the atmospheric temperature field T t ( ) along a vertical path measured by the radiometer at time t . After an integration time Δt , the radiometer measures another temperature field T t + Δt ( ) . From these two temporally separated profiles, a temporal temperature structure function can be formed
where  is the ensemble average which, through ergodicity, is the time average of the indicated function. Hence, several such differential samples must be formed and used to calculate Eq.(42). In terms of the related correlation functions, one can write
and form [10] another version of the structure function
Now consider the atmosphere containing this temperature field to be translated (convected) by the velocity V during the radiometer integration period Δt , and using the slight variation on the very well known prescription 10 by employing the Fourier-Stieltjes transform 11 (connecting the temporal statistics of T t ( ) to the spatial spectrum V TT k ( ) of the spatial statistics governing the temperature field through the spatial coordinate given by Vt ) 
Taking this fluctuating component to be small relative to U , one can series expand the characteristic function for υ to
thus allowing Eq.(46) to be written
Equation (49) gives the relation that is needed to obtain the temperature structure function, measured from the radiometer data, from the combined spectrum of Eq. Defining the crossover frequency k C to be defined by
Eq.(51) becomes
For the descending series of Eq. (50), one obtains,
As seen in Figure 2 , the approximation of Eq. (55) is sufficient for the case where UΔt > 20 which prevails for this radiometer technique. Richardson number and applied to a similarity theory derivation of the expected profiles of the spectral coefficients A and B near the surface 12, 13 . As discussed below, this assessment will also be needed to establish the surface values of the structure parameters at the radiometer site.
Temperature and Water Vapor Content Resolution Requirements of the Radiometer
It now remains to determine the minimum values of temperature and water vapor variations that the radiometer must 
These values are at the lower bounds for currently available path profiling radiometers 15, 16 .
Radiometric Measurement of the Temperature and Humidity Structure Functions as Well as Their Cross Structure Function
Finally, it now remains to experimentally obtain the temperature structure function from the radiometer profile 
From N such consecutive differences ΔT k,n , ΔQ k,n , n = 1,N , one can calculate the three associated structure functions through the averages 
Of course, one would not choose the largest of turbulent fluctuations that appear within the sub range; instead, to try to maintain statistical stationarity during the moving average process the largest scale size L M to consider for the measurements should be such that L M << L 0 . Thus, L M~2 00 m will be used. The maximum ratio Δt ≤ L M U defines the upper limit of the time response of the radiometer. Hence, for U = 5 m/s , Δt ≤ 40 s . It must also be pointed out that the larger the value of Δt , the larger the minimum height h min is above the surface below which the calculated structure parameters cannot be resolved. In fact, using the condition l 0~hk , one has that h min = UΔt . Of course, contributions of the atmosphere below this height that that determines the value of the structure parameters is significant. The experimental derivation of the gradient Richardson number at the radiometer site concurrent with the profile measurements will secure the surface values and profiles of the structure parameters up to h min .
With regard to the average wind speed U , it too is a strong function of the vertical height. Given the level of approximation used thus far, it makes sense to use a statistical model for the vertical profile of the horizontal wind speed 17 rather than, e.g., a wind profiling radar.
AN EXAMPLE APPLICATION OF THE FOREGOING
Description of the Equipment and Site
The profiling radiometer used to compile the temperature profile data used here is a Radiometrics Corp. MP-3000A
having 35 calibrated channels with a 1.1 second integration time per channel giving Δt ≈ 40sec . The per channel bandwidth is 300 MHz in the 22.0 -30.0 GHz and 51.0-59.0 GHz (K and V) bands. The temperature resolution was 0.1 K. The measurements were taken in January, 2013 at the NASA TDRSS ground terminal site located at White Sands, NM with the radiometer pointed to zenith. Only temperature profiles were considered here. Unfortunately, specific atmospheric conditions during the radiometric data compilation were not available during the time the data set was obtained. Thus, only estimates of the appropriate value of k C were used.
The required vertical profiles of the horizontal wind speed were obtained from a principle component analysis of historic wind data at the site provided by the SPARC Data Center from high-resolution radiosonde measurements. The database consisted of 2376 wind profiles subtending the years 1998-2001. The wind profile results are displayed in Figure 3 .
Results of the Analysis Using Eq.(55).
For dataset comprised 2100 temperature profiles taken over a 24-hour period. The vertical heights of the profiles were discretized over 50 m intervals up to a maximum height of 10 km. 
where T is the average prevailing atmospheric temperature (in K) and P that that of the pressure (in hPa). The results are shown in Figure 5 and compared to a profile from the Hufnagel-Valley model. Note that the values for C n 2 are much larger than expected at large vertical heights.
It is now a simple matter to obtain results for the coherence (Fried) diameter and Greenwood frequency. These are shown in Figures 6 and 7 . What is now required is a much more complete analysis of the model of Section 2.2 to obtain a combined spectrum on a much more rigorous basis than was used to get Eq.(41). This will form the subject of a future investigation.
Given this shortcoming, these results are still encouraging enough to warrant further investigation of this remote sensing technique. As another example, Figure 8 shows the evolution of the coherence (Fried) diameter as well as the Greenwood frequency over a five-day period in October 2012 at the same White Sands location derived from radiometer measurements. Also shown is the path averaged temperature measured by the radiometer. Diurnal variations are easily resolved. Thus, the resolution requirements of the radiometer are certainly sufficient for this method.
SUMMARY AND DISCUSSION
An atmospheric remote sensing method has been advanced and tested that uses a rapidly integrating microwave profiling radiometer to obtain temperature and humidity profiles from which the corresponding turbulence structure parameters are calculated. Due to the relatively large-scale turbulence fluctuations that are dealt with inside the surface boundary layer to form these parameters, it was required to augment Kolmogorov turbulence theory to account for boundary effects in a general stratified atmosphere. Once the generalized turbulence spectra was derived, it is then a straightforward matter to find the corresponding structure functions to use with the radiometer data to find the structure parameter values. The theory was then tested on an example radiometer assessment and found to yield reasonable results. It is apparent from the overestimates of cn2 derived from the experimental results obtained that more thought must go into the selection of the spectrum now given by Eq.(41); the current expression lacks the fidelity required to account for the individual variations of the A and B coefficients over the ranges that they subtend. That is, the values of these coefficients that reflect conditions at large heights within the atmosphere should correspond to the results of the ascending series solution of Eq.(51) which displays the behavior of the well-known 2/3 law.
Additionally, a much more controlled experiment must be performed in which ground based measurements of the gradient Richardson numbers for temperature and humidity are measured in addition to radiosonde measurements of the temperature and humidity structure parameter profiles concurrent with the radiometer measurements for appropriate comparison of results. The use of the gradient Richardson number will also become an integral part of this radiometer remote sensing scheme to set the coefficients for the profile function of k C . Additionally, assessment of the Richardson number will, at the same time, provide for the required surface values for the structure parameters C T 2 , C Q 2 , and C TQ .
